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Abstract: Based on the theoretical solution for vibrations of simply supported bridges under moving train loads, resonance and cancellation
conditions are derived. The results reveal two types of vibration cancellations for simply supported bridges under moving train loads: the first is
related to a single moving load, which is independent of the number and the composition of the train, while the second is related to the interval
between a pair of moving loads. When cancellation occurs, the free vibrations induced by the moving loads cancel to null, and the bridge re-
sponse is determined by the loads still on it. A resonance disappearance effect occurs when train speed meets both the resonance and cancel-
lation conditions, while the cancellation plays a predominant role. Bridge damping has an influence on the cancellation effect: the higher the
damping and the longer the interval between the loads, the lower is the cancellation efficiency. In a case study, dynamic responses of a bridge
under high-speed train loads are analyzed and the mechanisms of resonance and cancellation are explained to support the theoretical solution.
DOI: 10.1061/(ASCE)EM.1943-7889.0000714. © 2014 American Society of Civil Engineers.
Author keywords: Bridge; High-speed train; Moving load series; Resonance; Cancellation; Resonance disappearance.
Introduction
When a series of train vehicles travels over a railway bridge, the
loading frequency defined by the train speed, bridge span, and
composition of the train vehicles will change and a resonance con-
dition may occur when the loading frequency coincides with the
natural frequency of the bridge. The strong vibrations induced by the
resonance may not only directly affect the working state and ser-
viceability of the bridge but also reduce the running safety of the
train vehicles, diminish the riding comfort of the passengers, and
sometimes even destabilize the ballast track on the bridge. This
problem has received the attention of researchers from various
countries, and several methods have been developed to predict the
resonant speeds of the running train and to assess the dynamic be-
havior of the bridge in resonance conditions.
Frýba (2001) suggested that peak responses would be expected
for a simply supported bridge when the time interval of the train axle
loads is equal to the natural period of the bridge or its integer
multiples. From this assumption, Frýba (2001) proposed a formula
for computing the resonant train speed and predicting the bridge
resonant response. Li and Su (1999) divided the bridge vibration
under moving loads into two stages: the forced vibration when the
load is moving on the bridge and the free vibration after the load has
left it. The bridge response is amplified constantly because of the
accumulation of free vibrations induced by a series of loads.Xia et al.
(2006, 2011, 2012) classified this effect as the first resonant con-
dition of the bridge,which is induced by the periodic excitation of the
train axle loads. They also defined the second resonant condition
associated with the so-called loading speed, at which the duration of
a single load passing over the bridge equals half of the natural period
of the bridge (for the fundamental mode).
When a bridge is subjected to amoving load series, the resonance
of the bridge caused by the accumulation of free vibrations is more
detrimental than the one appearing in the forced-vibration stage
because each forced vibration is related to only a half-period of the
fundamental bendingmode of the bridge, while the speed associated
with the second resonant condition is much higher than the current
operational train speed. Therefore, the first resonant condition is of
concern in the dynamic design of high-speed railway bridges. Since
the construction of the first high-speed railway (Shinkansen) in Ja-
pan, this resonant effect has been found in the distribution curves of
the dynamic amplification factor (DAF) for several types of bridges
(Matsuura 1976). In China, during the dynamic analysis of bridges
on the Beijing-Shanghai high-speed railway, the resonance problem
was studied for various bridge types considering the loads of the
Germany ICE3, French TGV, Japanese E500, and several types of
China-made high-speed trains (Xia et al. 2011). Investigations of the
resonance effect were also performed byYau (2001) on a continuous
bridge and Ju and Lin (2003) on a multispan simply supported
bridge on the Taipei-Kaohsiung high-speed railway, respectively, and
Kwark et al. (2004) on a continuous bridge on the high-speed railway
from Seoul to Busan.
Yang et al. (1997) studied resonance conditions by modeling
a train as two sets of axle loads with constant intervals, and dis-
covered that resonance of the bridge may not occur at certain ratios
between the span length and characteristic load distance. Pesterev
et al. (2003) discovered that for a single load passing a simply
supported bridge at various speeds, the amplitude of the free vi-
bration changes and declines to null at some speeds. This interesting
finding explains the vibration cancellation effect suggested by Yang
et al. (1997) and Savin (2001), namely, when a single load passes the
bridge at a cancellation speed, the residual free vibration of the
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bridge will be null after the load leaves it. As a further study, Yang
et al. (2004a, b) and Yau et al. (2001) investigated the resonance and
the cancellation effect on the fundamental bendingmode of a simply
supported bridge with elastic supports.
Unlike the resonance effect that enlarges the bridge response, the
cancellation effect may suppress the vibration of the bridge, which is
favorable for train running safety and bridge service. Therefore,
a further investigation of the cancellation effect is of significant
importance. However, up to now, only a few papers on this subject
have been published (Yang et al. 1997, 2004a, b; Pesterev et al.
2003; Savin 2001).
In this paper, a novel perspective to this issue is presented. It is
based on the free vibrations derived from the analytical solution of
the dynamic response of a simply supported bridge under moving
train loads. The resonance and cancellation conditions are obtained
for generic modes. It will be demonstrated that there are two types of
cancellation effects for a simply supported bridge subjected to
moving train loads, of which the second type is proposed for the first
time. The mechanisms of resonance and cancellation are elaborated,
the influence of cancellation on resonance is discussed, and a new
mathematical expression for resonance disappearance is provided.
In a numerical case study, the dynamic responses of a railway bridge
under high-speed train loads are analyzed and the mechanisms of
resonance and cancellation are explained to support the theoretical
solution.
Resonance and Cancellation under Moving
Equidistant Loads
Train Model
A simply supported bridge vibrates when it is excited by a moving
train composed of several cars. To study the resonance and the
cancellation behaviors of the train-bridge system, the train is herein
simplified as a series of moving concentrated forces with identical
intervals, and each car is modeled by a single concentrated force
with the constant valueP, as shown in Fig. 1. Thus, a train composed
of Nv cars can be considered as Nv moving forces, which are num-
bered as Pk ðk5 1, 2, 3, . . . ,NvÞ. Assuming the first force enters the
bridge at the initial time, the time of the kth load entering the bridge
can be expressed as
tk ¼ ðk2 1ÞLv=V (1)
where Lv 5 full length of a car; and V 5 moving speed of the train.
Analytical Solution for the Bridge Response
The motion equation of the bridge under moving equidistant forces
can be expressed as
mðxÞ ∂
2yðx, tÞ
∂t2
þ cðxÞ ∂yðx, tÞ
∂t
þ ∂
2
∂x2

EIðxÞ ∂
2yðx, tÞ
∂x2

¼ PNv
k51
Pd½x2Vðt2 tkÞ (2)
wheremðxÞ, IðxÞ, and cðxÞ5mass, moment of inertia, and damping
coefficient of the bridge cross section, respectively; E 5 elastic
modulus; yðx, tÞ5 displacement of the bridge at position x and time
t; and d 5 Dirac delta function. For brevity, the damping effect is
neglected in the following derivation, and the bridge is assumed to
have a constant section. Then, the motion equation of the bridge
becomes
m
∂2yðx, tÞ
∂t2
þ EI ∂
4yðx, tÞ
∂x4
¼ PNv
k51
Pd½x2Vðt2 tkÞ (3)
where I 5 constant moment of inertia of the bridge cross section;
and m 5 constant mass per unit length.
Eq. (3) is a partial differential equation. When the modal de-
composition method is adopted, the displacement of the bridge
can be expressed as the product of generalized coordinates qðtÞ
and mode shapes; therefore, yðx, tÞ5P‘n51qnðtÞsinðnpx=LÞ. Thus,
Eq. (3) can be rewritten in terms of generalized coordinates as
Fig. 1. Simplification of train loads on a single-span bridge: (a) composition of a train; (b) simplified moving equidistant loads
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€qnðtÞ þ v2nqnðtÞ ¼ 2PmL
PNv
k51
sin npV
L
ðt2 tkÞ (4)
wherevn5 ðnp=LÞ2
ffiffiffiffiffiffiffiffiffiffiffi
EI=m
p
, which is the nth circular frequency of
the bridge. The particular solution of Eq. (4) is
yðx, tÞ ¼ 2P
mL
P‘
n51
(
sin

npx
L

1
v2n

12b2n
 PNv
k51
	
sinvnðt2 tkÞ
2bn sinvnðt2 tkÞ

)
, bn 1 (5)
where vn 5 exciting frequency, which is equal to npV=L; and
bn5vn=vn5 ratio of the exciting frequency of the moving loads to
the natural frequency of the bridge. The case where bn5 1 corre-
sponds to the second resonant condition, which has been discussed
in Xia et al. (2006), and will not be considered herein.
Considering the case when the first (N2 1) (N5 1, 2, 3, . . . ,Nv)
forces have left the bridge and the Nth force is on the bridge, the
displacement response of the bridge can be expressed by the fol-
lowing equation:
yðx, tÞ ¼ 2P
mL
P‘
n51
sin

npx
L

1
v2n

12b2n
QNðV , tÞ (6)
where
QNðV , tÞ ¼
	
sinvnðt2 tNÞ2bn sinvnðt2 tNÞ


2bn
PN21
k51

sinvnðt2 tkÞ þ ð21Þn21 sinvn

t2 tk2
L
V

(7)
where QNðV , tÞ 5 steady and transient responses induced by the
Nth force moving on the bridge. The second term in Eq. (7) is
associatedwith the total residual responses (free vibration) induced
by the first (N2 1) forces that have left the bridge, which is derived
from Eq. (5) as follows:
• During tk# t# tk1 L=V , the kth force is on the bridge, and the
forced vibration response of the bridge induced by it can be
written as
ykðx, tÞ ¼ 2PmL
P‘
n51
sin

npx
L

1
v2n

12b2n

 	sinvnðt2 tkÞ2bn sinvnðt2 tkÞ
 (8)
• During t. tk1 L=V , the kth load has left the bridge, and the free
vibration response of the bridge induced by it can be expressed as
(Clough and Penzien 2003; Xia et al. 2012)
ykðx, tÞ ¼ P‘
n51
ynkðx, tk þ L=VÞcosvnðt2 tk2L=VÞ
þ P‘
n51
_ynkðx, tk þ L=VÞ
vn
sinvnðt2 tk2 L=VÞ (9)
where ynkðx, tk1 L=VÞ and _ynkðx, tk1 L=VÞ 5 displacement and
velocity of the nth mode at t5 tk1 L=V , respectively, which are the
initial conditions of the free vibration and can be derived from
Eq. (8).
Substituting ynkðx, tk1 L=VÞ and _ynkðx, tk1 L=VÞ into Eq. (9), and
summarizing all responses to ykðx, tÞ ðk5 1, 2, . . . ,N2 1Þ, the total
residual response of the bridge induced by the first N2 1 forces can
be expressed as
ykðx, tÞ ¼ 22PmL
P‘
n51
sin

npx
L

1
v2n

12b2n
bn
 PN21
k51
h
sinvnðt2 tkÞ þ ð21Þn21 sinvnðt2 tk2 L=VÞ
i
(10)
From Eq. (10) the second term in the QNðV , tÞ expression can be
extracted. By applying the trigonometric transformation, Eq. (7) can
be expressed as
QNðV , tÞ ¼
	
sinvnðt2 tNÞ2bn sinvnðt2 tNÞ


2 2bn
PN21
k51

cosvnL
2V
sinvn

t2 tk2
L
2V

,
ðn ¼ 1, 3, 5, . . .Þ (11a)
QNðV , tÞ ¼
	
sinvnðt2 tNÞ2bn sinvnðt2 tNÞ


2 2bn
PN21
k51

sinvnL
2V
cosvn

t2 tk2
L
2V

,
ðn ¼ 2, 4, 6, . . .Þ (11b)
Furthermore, by introducing the following trigonometric progres-
sion to Eq. (11)
PN21
k51
sinða2 kxÞ ¼ sin 0:5ðN2 1Þx × sinða2 0:5NxÞ
sin 0:5 x
(12a)
PN21
k51
cosða2 kxÞ ¼ sin 0:5ðN2 1Þx × cosða2 0:5NxÞ
sin 0:5 x
(12b)
and from Eq. (1), a more interesting expression for QNðV , tÞ can be
obtained as
QNðV , tÞ ¼
	
sinvnðt2 tNÞ2bn sinvnðt2 tNÞ


2 2bn cos
vnL
2V

sinvn

t2 L
2V
2
tN21
2

sinðN2 1ÞðvnLv=2VÞ
sinðvnLv=2VÞ

, ðn ¼ 1, 3, 5, . . .Þ
(13a)
QNðV , tÞ ¼
	
sinvnðt2 tNÞ2bn sinvnðt2 tNÞ


2 2bn sin
vnL
2V

cosvn

t2 L
2V
2
tN21
2

sinðN2 1ÞðvnLv=2VÞ
sinðvnLv=2VÞ

, ðn ¼ 2, 4, 6, . . .Þ
(13b)
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It is observed fromEq. (13) that the residual free vibration in terms of
generalized coordinates for the bridge induced by the first N2 1
forces can be expressed by a sinusoidal function (for odd-order
modes) or a cosine function (for even-order modes).
Resonance and Cancellation
Eq. (13) will be further elaborated and interpreted to show the
resonance and cancellation conditions of a bridge subjected to
moving forces.
Resonance Condition
For vnLv=2V 5 ip ði5 1, 2, 3, . . .Þ, Eq. (13) becomes an indeter-
minate form 0=0; however, when L’Hospital’s rule is applied, the
limit solution is found to be
QNðV , tÞ ¼
	
sinvnðt2 tNÞ2bn sinvnðt2 tNÞ


2 2ðN2 1Þbn cos

vnL
2V

sinvn

t2 L
2V

,
ðn ¼ 1, 3, 5, . . .Þ
(14a)
QNðV , tÞ ¼
	
sinvnðt2 tNÞ2bn sinvnðt2 tNÞ


2 2ðN2 1Þbn sin

vnL
2V

cosvn

t2 L
2V

,
ðn ¼ 2, 4, 6, . . . Þ
(14b)
It can be seen that the displacement of a bridge will be successively
amplified with the increase of the number N of forces traveling
on the bridge. Therefore, using the extreme condition vnLv=2V
5 ip (i5 1, 2, 3, . . .), and noticing vn5 2pfn, the resonant speed
Vres ðkm=hÞ for the bridge under the moving load series can be
expressed as
Vres ¼ 3:6fnLvi , i ¼ 1, 2, 3, . . . (15)
where fn5 nth-order natural frequency of the bridge (Hz). Eq. (15)
is defined as the first resonant condition as proposed in Xia et al.
(2006).
Cancellation Condition
When cosðvnL=2VÞ5 0 or sinðvnL=2VÞ5 0, the second term of
QNðV , tÞ becomes zero and only the first term is left
QNðV , tÞ ¼
	
sinvnðt2 tNÞ2bn sinvnðt2 tNÞ


(16)
In this case, the total residual response (free vibration) of the bridge
excited by thefirst (N2 1) forces is equal to null, while the vibration
is determined only by the Nth force acting on the bridge. This
phenomenon is herein defined as the first type of vibration can-
cellation with the following conditions:
vnL
2V
¼ ip2p
2
, ðn ¼ 1, 3, 5, . . . ; i ¼ 1, 2, 3, . . . Þ (17a)
vnL
2V
¼ ip, ðn ¼ 2, 4, 6, . . . ; i ¼ 1, 2, 3, . . . Þ (17b)
It can be observed from Eq. (7) that when Eq. (17) is satisfied, there
is a ð2i2 1Þp or a 2ip phase difference between the two sinusoidal
terms within the second part of QNðV , tÞ. This means that the two
parts of the residual free vibration induced by a single moving load
are canceled out. The conditions in terms of load speedVcanI ðkm=hÞ
for the first type of cancellation can be further derived from Eq. (17)
as
VcanI ¼ 7:2fnL2i2 1, ðn ¼ 1, 3, 5; i ¼ 1, 2, 3, . . . ; but n 2i2 1Þ
(18a)
VcanI ¼ 7:2fnL2i , ðn ¼ 2, 4, 6; i ¼ 1, 2, 3, . . . ; but n 2iÞ (18b)
where the restriction conditions n 2i2 1 ðn5 1, 3, 5, . . .Þ and
n 2i ðn5 2, 4, 6, . . .Þ are given in Eq. (18) because under these
values bn becomes 1 and the second resonance condition is satisfied
(Xia et al. 2006), which is beyond the assumption of Eq. (5).
It can be found from Eq. (18) that the cancellation effect takes
place when the force travels on the bridge at a certain speed. This
type of cancellation is induced by each individual load, and is in-
dependent of the number and composition of the load series. Only
the free vibration of the bridge is independent of the number and
composition of the load; however, the overall dynamic response of
the bridge is still affected by the arrangement and speed of the load
series when it moves on the bridge. In fact, the cancellation is always
related to the specified bridge mode. Because the fundamental mode
provides the largest contribution to the midspan displacement of
a simply supported bridge, it seems feasible to use Eq. (18a) with
n5 1 to predict the cancellation speed. This is also assumed in the
subsequent section.
Resonance and Cancellation under a Series of
Train Loads
Analysis Model Considering Train Load Series
For a real train composed of several cars, there exist different geo-
metric intervals: the full length Lv of the car, the axle distance Lc
between bogie centers of a car, and the wheelbase Lw between the
two wheel sets of a bogie. Thus, the analysis model shown in Fig. 2
was adopted to study the influence of these intervals on the resonance
and cancellation effects of a simply supported bridge.
In this model, the loads of a train composed of Nv cars with four
axles are represented by 4Nv moving concentrated forces expressed
as Pkj (k5 1, 2, 3, . . . ,Nv; j5 1, 2, 3, 4), where k indicates the car
number of the train and j indicates the axle number of each car. Thus,
the train is modeled as groups of four moving concentrated forces
Pkj ðj5 1, 2, 3, 4Þwith an identical interval Lv between similar forces
of each group. Because of the time delays between load groups Pk2,
Pk3, Pk4, andPk1, the time for the kth force in group j traveling on the
bridge can be defined as
tk1 ¼ tk
tk2 ¼ tk þ Lw=V
tk3 ¼ tk þ Lc=V
tk4 ¼ tk þ ðLc þ LwÞ=V
(19)
In this case, the motion equation for the bridge can be written as
m
∂2yðx, tÞ
∂t2
þ EI ∂
4yðx, tÞ
∂x4
¼ PNv
k51
P4
j51
Pd
h
x2V

t2 tkj
i
(20)
Considering the case when the first (N2 1) (N5 1, 2, 3, . . . ,Nv)
cars have left the bridge and only the Nth car is passing over the
bridge, the solution to Eq. (20) can be given directly referring to the
previous analysis as
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yðx, tÞ ¼ 2P
mL
P‘
n51
sin

npx
L

1
v2n

12b2n
 P4
j51
QNjðV , tÞ (21)
where
P4
j51
QNjðV , tÞ ¼ P4
j51
h
sinvn

t2 tNj

2bn sinvn

t2 tNj
i
2 2bn
PN21
k51
P4
j51
cosvnL
2V

sinvn

t2 tkj2
L
2V

,
ðn ¼ 1, 3, 5, . . .Þ
(22a)
P4
j51
QNjðV , tÞ ¼ P4
j51
h
sinvn

t2 tNj

2bn sinvn

t2 tNj
i
2 2bn
PN21
k51
P4
j51
sinvnL
2V

cosvn

t2 tkj2
L
2V

,
ðn ¼ 2, 4, 6, . . .Þ
(22b)
Substituting tkj from Eq. (19) into the second term on the right-
hand side of Eq. (22), and applying trigonometric transformation
formulas sinA1 sinB5 2 cos½ðA1BÞ=2 sin½ðA2BÞ=2 and cosA
1 cosB5 2 cos ½ðA1BÞ=2 cos ½ðA2BÞ=2, the following expres-
sions can be obtained:
P4
j51
QNjðV , tÞ ¼ P4
j51
h
sinvn

t2 tNj

2bn sinv

t2 tNj
i
2 8bn cos
vnL
2V
cosvnLw
2V
cosvnLc
2V
PN21
k51

sinvn

t2 tk12
L
2V
2
Lw
2V
2
Lc
2V

,
ðn ¼ 1, 3, 5, . . .Þ
(23a)
P4
j51
QNjðV , tÞ ¼ P4
j51
h
sinvn

t2 tNj

2bn sinvn

t2 tNj
i
2 8bn sin
vnL
2V
cosvnLw
2V
cosvnLc
2V
PN21
k51

cosvn

t2 tk12
L
2V
2
Lw
2V
2
Lc
2V

,
ðn ¼ 2, 4, 6, . . .Þ
(23b)
By again introducing Eq. (12), the previous equations can be further rewritten as
P4
j51
QNjðV , tÞ ¼ P4
j51
h
sinvn

t2 tNj

2bn sinvn

t2 tNj
i
2 8bn cos
vnL
2V
cosvnLw
2V
cosvnLc
2V

sinvn

t2 L
2V
2
Lw
2V
2
Lc
2V
2
tN21
2

sinðN2 1ÞðvnLv=2VÞ
sinðvnLv=2VÞ

, ðn ¼ 1, 3, 5, . . .Þ (24a)
P4
j51
QNjðV , tÞ ¼ P4
j51
h
sinvn

t2 tNj

2bn sinvn

t2 tNj
i
2 8bn sin
vnL
2V
cosvnLw
2V
cosvnLc
2V

cosvn

t2 L
2V
2
Lw
2V
2
Lc
2V
2
tN21
2

sinðN2 1ÞðvnLv=2VÞ
sinðvnLv=2VÞ

, ðn ¼ 2, 4, 6, . . .Þ (24b)
Fig. 2. Analysis model of train load series
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Resonance and Cancellation Induced by a Train
Load Series
The resonant conditions derived fromEq. (24) are not different from
Eq. (15). The influence of various axle intervals (Lc, Lw, and Lv) on
resonant conditions has been discussed in Xia et al. (2006). Ob-
viously, two more cancellation conditions can be extracted from
Eq. (24) as
cosðvnLw=2VÞ ¼ 0 (25a)
cosðvnLc=2VÞ ¼ 0 (25b)
The corresponding cancellation train speeds can be expressed as
VcanII ¼ 7:2fnLw2i2 1 , ði ¼ 1, 2, 3, . . .Þ (26a)
VcanII ¼ 7:2fnLc2i2 1 , ði ¼ 1, 2, 3, . . .Þ (26b)
The cancellation effect will be expected if conditions associated
with wheelbase Lw and axle distance Lc between the bogie centers in
Eq. (26) are met. However, the mechanism herein is different from
that described previously because in this case the cancellation occurs
as a result of the offset of free vibrations of the bridge induced by the
moving loads of different groups. Namely, this type of cancellation
is determined by load intervals. For example, Eq. (26a) indicates that
the free vibrations induced by the two axle loads of one bogie cancel
each other out.
Amore general formula can be obtained through extension of the
cancellation conditions of Eq. (25), and the corresponding cancel-
lation train speed can be expressed as
VcanII ¼ 7:2fnLch2i2 1 , i ¼ 1, 2, 3, . . . (27)
where Lch 5 characteristic interval of the load series. For a railway
train with two bogies and four axles, the characteristic interval may
be Lc or Lw. In fact, Lch can be any regular interval between the axle
loads in the load series; hence, Lv is included as well, as shown in
Fig. 2. This cancellation effect is herein defined as the second type of
vibration cancellation.
Thus far, two types of cancellation effects and their conditions
have been proposed, as expressed inEqs. (18) and (27), respectively.
When only the fundamental mode of the bridge is concerned, the
cancellation speed equation can bewritten in a unified form as function
of the bridge span L
Vcan ¼ 7:2af1L2i2 1 , i ¼ 1, 2, 3, . . . (28)
where f1 5 fundamental frequency of the bridge; and a 5 di-
mensionless length parameter, which may take the value of 1 or
Lch=L, indicating the first or second type of cancellation,
respectively.
Resonance Disappearance
The second termofEq. (24) will be null once cancellation conditions
are satisfied even with the resonant condition synchronously met.
Therefore, cancellation plays a more dominant role, and resonance
disappearance may be expected when a train speed coincides si-
multaneously with the conditions of resonance and cancellation.
When Vcan5Vres, namely, combining Eqs. (15) and (28), a new
mathematical expression is obtained as
Lv
L
¼ 2ak
2j2 1
, j, k ¼ 1, 2, 3, . . . (29)
where j and k 5 resonance and cancellation order for the first bend-
ing mode of the bridge, respectively. In theory, when the ratio of car
length Lv to span length Lmeets the conditions of Eq. (29), both the
cancellation and resonance conditionsmay simultaneously appear at
certain train speeds, and the resonance of the bridge at its funda-
mental mode will be avoided. Therefore, this interesting phenom-
enon is named resonance disappearance.
Numerical Verification
To verify the theoretical expressions, a numerical study is per-
formed. The bridge is discretized into 311 beam elements, shear
deformation is excluded, and lumped mass is adopted. The bridge
has a span of 31.1 m, uniform mass density of m5 19:1 Mg=m,
uniform cross-section bending stiffness EI5 1:663 108 kN ×m2,
and the first natural frequency is calculated by f15 ðp=2L2Þ
ffiffiffiffiffiffiffiffiffiffiffi
EI=m
p
as 4.79 Hz. A high-speed train composed of four cars is adopted for
analysis, simplified as 16 concentrated forces. The force values are
the axle loads of the ICE3 high-speed train, which are 160 kN for the
first and the last motor cars (P11eP14 and P41eP44) and 146 kN for
the intermediate trailer cars (P21eP24 and P31eP34), respectively,
with the real axle intervals Lw, Lc, and Lv between them, as shown in
Fig. 3. The dynamic response of the single-span simply supported
bridge subjected to the moving train load series is calculated by the
direct integration method. The resonance and cancellation speeds
(Vres and Vcan) corresponding to the fundamental mode of the bridge
Fig. 3. Simply supported bridge subjected to a moving train load series
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are computed by Eqs. (15) and (28), and the results of the first eight
orders are listed in Table 1.On the basis of train axle intervals and the
bridge span shown in Fig. 3, the dimensionless length parametera in
Eq. (28) can be identified as 1.0 (for the first cancellation condition),
and as Lw=L5 0:08, Lc=L5 0:56, and Lv=L5 0:79 (for the second
cancellation condition).
Time History Analyses of the Bridge under Resonance
and Cancellation Conditions
Resonance Effect
It is known that a resonance may appear when a certain relationship
is satisfied between the load moving speed, load interval, and bridge
natural frequency. Herein, the first-order resonance speed 427 km=h
is taken as an example to illustrate how the ICE3 train load series
induces the resonance of the bridge. Because the ICE3 load series is
composed of several different intervals, the analysis is conducted in
two stages, as shown in Fig. 4.
In the first stage, a group of loads composed of the first axle loads
(P11, P21, P31, and P41) of the four cars is considered. The time delay
between any two successive loads is determined by load interval Lv
and resonant speed Vres, which can be calculated as
tres ¼ LvVres ¼
iLv
fnLv
¼ iTb, ði ¼ 1, 2, 3, . . .Þ (30)
For the resonant speed related to i5 1, the time delay is equal to the
bridge natural frequency Tb, thus producing a 2p phase difference
between the free vibrations of the bridge induced by any two
successive loads in this group. In this case, the amplitudes of the
bridge in the free vibration stage will directly superpose to form
a resonant displacement curve G1, as shown in Fig. 4(a). Similarly,
the resonant displacement curve G2 induced by the load series
composed of the second axle loads (P12,P22,P32, andP42) of the four
cars can be obtained, and so on for G3 and G4.
In the second stage, the four resonant displacement curves
(G1eG4) induced by the four groups of load series superposition
together according to the time delays determined by their intervals
Lw, LceLw, and Lw. Thus, the bridge displacement induced by the
whole train can be obtained, as show in Fig. 4(b). It is easy to see that
under the resonant speed, the displacement of the bridge will be
successively amplified with an increasing number of loads, which
explains the physical meaning of Eq. (15).
First Cancellation Effect
Parameter a5 1 corresponds to the first type of cancellation. The
third order (a5 1, i5 3) cancellation speed 215 km=h in Table 1 is
selected as an example to illustrate how the first cancellation effect
appears. Shown in Fig. 5 are the calculated displacement histories of
the bridge induced by the train (four cars), the first car, and its four
individual axle loads P11eP14. The mechanism for the first type of
cancellation can be observed clearly in these displacement histories.
It is found that each moving load induces a forced vibration of the
bridge; however, when it leaves, the free vibration of the bridge is
null. As a result, the free vibration of the bridge remains zero when
the first car and the train leave the bridge. This numerical example
explains the physical meaning of Eq. (16).
Second Cancellation Effect
In Table 1 a5 0:08 and a5 0:56 correspond to the second type
of cancellation speeds, which are derived from wheelbase Lw of
a bogie and axle distance Lc between the bogie centers of a car,
respectively. Obviously, VcanII5 86 km=h is the most opportune
cancellation speed for comparison because it appears twice in
Table 1 at a5 0:08 (i5 1) and a5 0:56 (i5 4), respectively;
therefore, it is selected as an example to illustrate the effect of the
second cancellation. The mechanism of this type of cancellation is
clearly illustrated in Fig. 6.
AtVcanII5 86 km=h, the cancellation effect appears between the
two axle loads separated by Lw or Lc. Fig. 6(a) illustrates the
mechanism of the second cancellation effect corresponding to P11
andP12 with awheelbase Lw. It can be found that the displacement of
the bridge induced by P12 has a time delay of Tb=2 related to P11,
producing a phase difference p between them and causing the free
vibrations induced by P11 and P12 having the same amplitudes but
opposite phases. The result is zero free vibration when this pair of
loads leaves the bridge. Fig. 6(b) shows themechanism of the second
cancellation effect corresponding to P11 and P13 with an interval Lc.
In this case, the time delay between P13 andP11 becomes 7Tb=2, and
Table 1. Resonance and Cancellation Train Speeds for the 31.1-m-Span
Simply Supported Bridge
Order (train speed, km=h)
Order i 1 2 3 4 5 6 7 8
Resonance Vres 427 214 142 107 85 71 61 —
Cancellation VcanI (a5 1:00) N/A 358 215 153 119 98 83 72
Cancellation VcanII (a5 0:08) 86 — — — — — — —
Cancellation VcanII (a5 0:56) 601 200 120 86 67 — — —
Cancellation VcanII (a5 0:79) 847 282 169 121 94 77 65 —
Note:— 5 speeds lower than 60 km=h.
Fig. 4.Displacement histories of the bridge at midspan under Vres5 427 km=h: (a) induced by four equidistant load series (P11, P21, P31, P41) and the
resultant G1; (b) induced by four groups of load series (G1eG4) and the train by their superposition
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the phase difference becomes 7p, thus the free vibrations induced by
the two loads cancel each other out. Similar cancellation effects exist
between the other pairs of loads (P131P14 and P121P14).
Shown in Fig. 7 are the displacement histories of the bridge at
midspan induced by the train and the first car only. It is seen that at
this cancellation speed no free vibration of the bridge appears when
the first car as well as the train leave the bridge because the can-
cellation speedVcanII5 86 km=h is the first-order cancellation speed
(a5 0:08) related to Lw and also the fourth-order cancellation speed
(a5 0:56) related to Lc. When a5 0:08 and i5 1, the free vibra-
tions induced byP11 andP12 cancel each other out, which is the same
for P13 and P14. When a5 0:56 and i5 4, the free vibrations in-
duced by P11 and P13 cancel each other out, and also cancel out P12
andP14. As the result, no free vibration remainswhen each car leaves
the bridge, and the displacement of the bridge is determined only by
the loads still on it.
The time delay between the two loads can be calculated by the
interdistance and cancellation speed of the loads as follows:
tcandelay ¼ LchVcan ¼
ð2i2 1ÞLch
2fnLch
¼ ð2i2 1Þ
2
Tb, ði ¼ 1, 2, 3, . . .Þ
(31)
It is calculated from Eq. (31) that at VcanII5 86 km=h, the time
delays for the two pairs of loads are Tb=2 ði5 1Þ and 7Tb=2 ði5 4Þ,
respectively, as marked in Fig. 7, thus the displacements of the
bridge induced by them completely cancel out.
Relationship between Resonance and
Cancellation Effects
It was mentioned previously that the condition of cancellation is
more dominant over that of resonance. Therefore, cancellation plays
a more dominant role and resonance disappearancemay be expected
when the train speeds coincide with both conditions of resonance
and cancellation. In the subsequent section the relationship between
resonance and cancellation effects is discussed.
Suppression of Resonance by the First Type of Cancellation
It is interesting to notice from Table 1 that the cancellation speed
VcanI5 215 km=h ði5 3Þ is very close to the resonance speed
Vres5 214 km=h ði5 2Þ, which means this resonant speed ap-
proximately meets the cancellation condition. To better describe
what will happen, the time histories of bridge midspan displace-
ments induced by a single load P11, the first car and the whole train
under Vres5 214 km=h are calculated, as shown in Fig. 8(a). For
comparison, the time histories of the bridge displacement at a train
speed of 250 km=h, which is neither a resonance speed nor a can-
cellation one, are shown in Fig. 8(b). It is clear that neither the free
vibrations induced by the first axle load nor by Car 1 is zero. Hence,
after the whole train leaves the bridge, there remains a high residual
response (free vibration) on the bridge.
The resonant speed determined by Eq. (15) corresponds to the
resonance effect that is provoked by the successive amplification of
the bridge displacement with an increasing number of loads on the
bridge. As shown in Fig. 8(a), because the speed 214 km=h is very
close to the first type of cancellation speed VcanI5 215 km=h, the
free vibration of the bridge induced by each individual load is
approximately equal to zero, thus the bridge displacement induced
by a series of loads after superposition of all effects is also very small.
Therefore, when the resonant speed is close to the cancellation
speed, the resonance effect is suppressed by the cancellation effect,
resulting in small bridge vibrations.
Suppression of Resonance by the Second Type of Cancellation
According to Table 1 the cancellation speed VcanII5 86 km=h is
very close to the resonance speed Vres5 85 km=h ði5 5Þ. To better
describe what will happen in this situation, the time histories of
bridge displacements induced by two pairs of loads, P111P21 and
P121P22, are calculated, as shown in Fig. 9. It is calculated that
under Vres5 85 km=h, the time delay between the two loads is 5Tb
(i5 5), as shown in Fig. 9(a). In this case, the phase gap between
free vibrations induced by P11 and P21 is 10p, which indicates five
vibration periods, thus the free vibrations induced by the two loads
superpose each other.
Fig. 5. Displacement histories of the bridge at midspan induced by
the train, Car 1, and its four individual loads (P11eP14) under VcanI
5 215 km=h
Fig. 6. Displacement histories of the bridge at midspan under VcanI5 86 km=h: (a) induced by P11 and P12 and their resultant P11112 (Lw5 2:5m,
i5 1); (b) induced by P11 and P13 and their resultant P11113 (Lc5 17:375m, i5 4)
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If the bridge is subjected to a series of loads, the resultant dis-
placement will be amplified by continuous accumulation of the
vibrations. However, in this special case, because the resonant speed
85 km=h is very close to the cancellation speed 86 km=h, the res-
onance will be suppressed. The mechanism of resonance suppression
can be seen in Fig. 9(b), where P11121 reflects the resonance effect of
P11 and P21, and P12112 reflects the resonance effect of P12 and P22.
Because the time delay between P11121 and P12122 at 85 km=h is
quite close toTb=2, the resultant free vibrations of the bridge subjected
to these two pairs of loads almost cancel each other out. When the
whole train leaves the bridge, the free vibration remains very small.
Influence of Cancellation on Resonance
To further investigate the relationship between the derived theo-
retical resonance and cancellation conditions, a numerical analysis
was carried out for the dynamic responses of the bridge subjected to
the train load series shown in Fig. 3, within the speed range of
70e500 km=h. Shown in Fig. 10 is the distribution of the calculated
DAF of the bridge midspan deflection versus train speed. It is
observed that the DAF does not increase monotonously with the
train speed, while there appear several peaks at particular train
speeds.When the resonance and cancellation speeds listed in Table 1
are marked on the DAF curve, the influence of resonance and
cancellation conditions can be clearly observed.
Obvious peaks on the DAF curves appear at the resonance train
speeds of 427, 142, and 107 km=h. At the resonance speeds of
214, 85, and 71 km=h, similar cancellation speeds of 215, 86, and
72 km=h exist, resulting in relatively small DAF values. This nu-
merically proves that when a load series speed simultaneously meets
both the resonance and cancellation conditions, the cancellation
effect plays a dominant role and the resonance effect will be sup-
pressed, namely, a resonance disappearance occurs. Hence, when
the ratio of car length Lv to bridge span L meets the conditions of
Eq. (29), there will be Vres5Vcan at certain speeds, which provides
the possibility of eliminating the resonance. For the considered 31.1
m span simply supported bridge and the ICE3 train, if the resonance
at speed 214 km=h is counteracted, the dynamic responses of the
bridge will remain at a low level in the whole speed range of
150e350 km=h, which is of practical significance in bridge design
and the running safety of high-speed trains.
Influence of Damping on the Cancellation Effect
In the previous theoretical and numerical analyses, the influence of
damping was ignored. In reality, the free vibration of a bridge will
attenuate gradually because of the existence of damping. Thus, in the
second cancellation effect the free vibrations induced by a pair of
loads will not completely cancel each other out, even if they have the
same amplitude and opposite phases. To illustrate the influence of
damping on the second type of cancellation, the cancellation speed
Fig. 7.Displacement histories of the bridge at midspan induced by the
train and single Car 1 under VcanII5 86 km=h
Fig. 8. Displacement histories of the bridge at midspan induced by single load P11, Car 1, and the train under (a) Vres5 214 km=h and (b)
V 5 250 km=h
Fig. 9. Displacement histories of the bridge at midspan under Vres5 85 km=h: (a) induced by P11 and P21 and their resultant P11121; (b) induced by
P11112 and P12122, their resultant P111211P12122 and the whole train
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of 86 km=h is taken again as an example, which corresponds to
a5 0:08 ði5 1Þ and a5 0:56 ði5 4Þ. A damping ratio 0.05 is used
to calculate the displacement of the bridge subjected to two loads,
as shown in Fig. 11.
It can be found that the existence of damping only changes the
amplitudes of the free vibration of the bridge, while it affects little
the vibration period because the difference between damped and
undamped periods is very small. Thus, under the cancellation speed
of 86 km=h, the time delay between P11 and P12 is Tb=2 ði5 1Þ, and
that between P11 and P13 is 7Tb=2 ði5 4Þ, which are approximately
equal to those in the undamped case. However, the free vibration
displacements induced by the two loads cannot perfectly cancel each
other out despite their opposite phases. This is because they have
different absolute values as a result of the unequal time of damping
attenuations. It can be concluded that the time delay between the two
loads affects the canceling extent of the bridge free vibration, and
obviously the longer the time delay, the less the free vibration can be
canceled, thus lowering the cancellation effect.
Of course, the value of damping has a direct influence on the
cancellation effect. Fig. 12 illustrates the distribution of cancellation
efficiency h (defined as the ratio of the maximum free vibration
displacement of the bridge that has been canceled out to the one
without cancellation) with respect to the cancellation order under
several different damping ratios. It can be found that the higher the
damping, and the longer the delay time (reflected by the cancellation
order) between the two loads, the lower is the cancellation efficiency.
Despite this, cancellation efficiency h is greater than 0.5 for the first
two cancellation orders with the bridge damping ratio in the range
of 0–0.05. Decreasing the bridge damping can indeed improve the
cancellation efficiency, which can be realized by altering the struc-
ture materials (e.g., using steel instead of concrete).
Conclusions
The mechanisms of vibration resonance and cancellation for a sim-
ply supported bridge subjected to a moving load series are in-
vestigated theoretically and are verified through finite-element
numerical simulations. The following conclusions can be drawn:
1. A resonant vibrationmayoccur because of the superposition of
vibrations induced by a series of moving loads passing over
a simply supported bridge when the time interval between two
adjacent loads equals the natural period of the bridge or its ith
multiples. This well-known condition is derived in this paper
from the point of view of free vibrations of the bridge caused
by moving loads.
2. The free vibration of the bridge induced by a single moving
load may be canceled out to null by itself when the load speed
satisfies a certain relationship with the span length and the
natural frequencies of the bridge. This is defined as the first
cancellation condition. The first cancellation condition is re-
lated to a single load behavior, while it is independent of the
number and arrangement of loads.
3. The free vibrations of the bridge induced by a series of moving
loads may cancel each other out when the speed of the loads
satisfies a certain relationship with the load interval and the
natural frequencies of the bridge. This is defined as the second
cancellation condition, which is related to the interval between
any two loads, namely the arrangement of the load series.
4. In some cases, a certain train speedmay simultaneously satisfy
both resonance and cancellation conditions. If this occurs, the
cancellation plays a dominant role and a resonance disappear-
ance can be expected. This provides the possibility of avoiding
bridge resonance via proper design, which is of theoretical as
Fig. 10. Distribution curves of bridge deflection DAF versus train
speed, marked with the resonance (Vres, numbers in boxes) and can-
cellation (Vcan, numbers in circles) speeds: (a) V 5 70e150 km=h;
(b) V 5 150e500 km=h
Fig. 11. Displacement histories of the bridge considering damping ratio 0.05 under Vcan5 86 km=h: (a) induced by P11 and P12 and their resultant
P11112 (Lw5 2:5 m, i5 1); (b) induced by P11 and P13 and their resultant P11113 (Lc5 17:375 m, i5 4)
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well as practical significance in the dynamic design of high-
speed railway bridges.
5. The damping of the bridge has an influence on the efficiency of
the second type of cancellation: the higher the damping, and
the longer the delay time between two loads, the lower is the
cancellation efficiency.
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